ABSTRACT. Besov-type spaces that are generated by new moduli of smoothness are related to sequence spaces of {En(f)} where En(¡) is the appropriate best algebraic polynomial approximation.
The related Besov spaces are given by their norms (see [1] ). [ supt \g(t)\ for s = oo for 0 < a < r and 1 < p < oo. It can be noted that, because of the term ||/||p in (1.3), (0,1) can be replaced by (0, oo) in (1.4).
One of the interesting results about Besov spaces is that for periodic functions of period 27r (that is, D = T) we have an equivalent norm to ||/||bJ , given by (1) (2) (3) (4) (5) ll/llBS,a = ll(" + i)aK(/)Plk where for a sequence {an}£L0 a.« ii<«">ii,={{E"=>",*<n+i)~,,'/* ;°ris><~' (see [6, p. 235] ). In a more general framework, analogues of the equivalence between (1.3) and (1.5) were given in [2 and 4] . In these articles, the key to the proof is the use of Jackson and Bernstein-type inequalities and the equivalence between the if-functional and the modulus of smoothness. We emphasize here the role of weak-type inequalities, that is, the analogue of (1.9), a weak Jackson inequality (see (3.9) for instance) and a weak relation between TY-functional and the modulus of smoothness (see (5.7) for instance). This is useful as analogues of the equivalence between (1.3) and (1.5) are valid even in cases in which the analogue of Jackson's inequality is not true (see § §3 and 5), the analogue of Bernstein's inequality was not stated being somewhat messy (see §4) or the Ä"-functional is not equivalent to the modulus of smoothness discussed (see § §3 and 5).
Other moduli of smoothness defined in [5] and related to best algebraic approximation in Lp[-1,1] or in LP(S), where S is a simple polytope in Rd, give rise to new Besov-type spaces and to results analogous to the equivalence between (1.3) and (1.5), since the analogues of (1.8) and (1.9) were already proved in [5] . Moreover, it will be shown that an expression defined in [5] and called "main-part moduli of smoothness", which is essential in investigating best-weighted polynomial approximation in Lp[-1,1], still leads to equivalence between norms analogous to (1.3) and (1.5). What is special about this result is that the main-part moduli are not equivalent to the corresponding /f-functionals and we do not have the analogue of Jackson's inequality for these moduli. The theorem achieved (Theorem 3.1) can be construed as yet one more result confirming the importance and usefulness of the main-part moduli.
Analogues for best polynomial approximation on LV(R) with the Freud weight W\(x) = exp(-|x|A) are also achieved.
We should stress that the key inequalities used here, i.e. (2.6), (2.7), (3.8), (3.9), (4.2), (5.8) and (5.9) of this paper, were achieved in our earlier work [5] .
Equivalence between two expressions, for example norms, functions, sequences, integrals and sums, will be denoted by ~ and will mean that each is smaller than a constant times the other (and the constant is independent of the domain, class of functions, class of sequences, etc.).
Besov spaces and best polynomial
approximation. It was shown in [5, Chapter 7] that to investigate best algebraic polynomial approximation En(f)p given by
is an algebraic polynomial,degP < n), (Eo(f)p = ||/||p), the appropriate tools are the moduli of smoothness given by 
As Wp(f, t)p is increasing in t, we have Observing that Eo(f)p = ||/||P, we complete the proof. D The above very simple computation was performed in almost excessive detail so that we can refer later in the paper to this type of argument.
3. Main part moduli and weighted polynomial approximation.
Investigation of best weighted algebraic polynomial approximation
where w e J* as given in [5] , a class which contains the Jacobi weights, that is w(x) -(1 -x)7l(l + x)12 for 7¿ > -1/p was carried out in [3, Chapter 8] . This required the notion of weighted main-part moduli of smoothness given by The corresponding Ä'-functional is given by It was shown in [5] that Kr<ip(f,tr)WtP is not equivalent to ^rip(f,t)WiP even if w = 1. However, Q£, can be defined for weights w for which we cannot define uj, at all, it is easier to compute, and (see [ The best polynomial approximation is given by (5.1) En(f)Wx,p = inf(\\Wx(f -P)\\Lp{Ry,degP < n).
The corresponding Ä'-functional is given by
The corresponding main part modulus is given by
We can now state and prove the following theorem. In some ways the proof is easier here than that of Theorem 5.3 as we have (5.7) and we did not have a corresponding expression for general weights of class J*. (Theorem 6.2.3 of [5] will yield a slightly more convenient inequality for Jacobi weights.) Therefore, arguments analogous to those using (3.10) and (3.11) in the proof of Theorem 3.1 are redundant as we use (5.7). The other part of the proof follows the proof of Theorems 2.1 and 3. 
